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A B S T R A CT  

Based on the finite difference method, linear optical susceptibility, photoluminescence peak and 

binding energies of three first states of an exciton trapped by a positive charge donor-impurity (𝐷+, 𝑋) 

confined in InN/AlN quantum well are investigated in terms of well size and impurity position. The 

electron, heavy hole free and bound excitons allowed eigen-values and corresponding eigen-functions 

are obtained numerically by solving one-dimensional time-independent Schrödinger equation. Within 

the parabolic band and effective mass approximations, the calculations are made considering the 

coupling of the electron in the n-th conduction subband and the heavy hole in the m-th valence 

subband under the impacts of the well size and impurity position. The obtained results show clearly 

that the energy, binding energy and photoluminescence peak energy show a decreasing behavior 

according to well size for both free and bound cases. Moreover, the optical susceptibility associated to 

exciton transition is strongly red-shift (blue-shifted) with enhancing the well size (impurity position).  
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1 Introduction 

In the few last decades, hetero-structures based semiconductor materials have drawn much attention 

owing to diverse electronic and optical applications. Due to noteworthy flexibility of their properties and 

resulted radiative characteristics such as exciton-light coupling, the most studied hetero-structures is the 

lattice matched GaAs-based ones with single quantum well (QW). Fundamental properties of excitons and 

their light-coupling were used to understand the reflectance spectra, namely, the energy resonance and 

optical response shape. The exciton resonances energies as well as the oscillator strengths and the radiative 

decay are reported. With the development of micro-cavities, such properties have been of momentous 

interest in QW hetero-structures[1]–[6]. To understand electronic and optical properties of more 

complicated systems as asymmetric QW, coupled double QWs, multiple coupled QWs and low-

dimensional system under different external perturbations[7]–[20] , a basic comprehensive knowledge of 

exciton states in rectangular QW becomes necessary. Added to geometric confinement, the Coulomb 

interaction between electron and hole ground and excited states leads to large exciton binding energy and 

a strong optical response for the exciton resonance. This is considered as a key parameter to interpret the 

experimental photoluminescence (PL) and reflectance spectra [21]–[23]. Recently, this latter is one of the 

most techniques used with great accuracy to identify exciton states as well as their radiative and non-

radiative broadenings compared to the PL spectra.  
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To describe the exciton states in QW, several papers are reported based on the time-independent 

Schrödinger equation solving using different approaches such: the perturbative method[24], the Ritz-

variational method[12]–[14], the shooting method[25] and the Hartree formalism with a recently developed 

numerical method (Potential Morphing Method). Recently, Belov[26] has used the finite difference method 

which allows him to obtain exciton states and binding energies for a wide domain of well widths considering 

the discontinuities of the material parameters at the square QW interfaces. Such numerical method does 

not rely to a prescribed form of the trial functions, which allow one to obtain the exciton electronic, and 

optical characteristics. 

With the motivation of all such attractive properties of QW systems, the present paper is dedicated 

to evolve the influence the size and impurity position on the free and bound excitons binding energies and 

intersubband exciton related linear optical susceptibility in rectangular InN/AlN QW.   

2 Theoretical framework 

We consider the heavy free and bound excitons  (𝐷+, 𝑋) confined in InN/AlN QW hetero-structure 

as shown in Fig. 1. The particle’s Hamiltonian within the framework of effective mass and parabolic 

approximations can be described as following: 

𝐻𝑥 = 𝐻𝑒 + 𝐻ℎ + 𝐻𝑒−ℎ        (1) 

The first and the second terms are the electron and hole Hamiltonian operators confined along the 

z-direction in the presence of the positive charge donor-impurity, given as: 

𝐻𝑒,ℎ = −
ℏ2

2

𝑑

𝑑𝑧
[

1

𝑚∗(𝑧)

𝑑

𝑑𝑧
] ∓

𝛼𝑒2

4𝜋𝜀0𝜀∗(𝑧)|𝑟𝑒,ℎ−𝑟0|
+ 𝑉𝑒,ℎ(𝑧)            (2) 

Where, the signs (-) and (+) correspond respectively to the electron and hole,  𝑉𝑒,ℎ(𝑧) is the band 

offset potential barrier, 𝛼(= 0; 1) corresponds to the free and bound exciton particles respectively,  𝑚∗(𝑧) 

and 𝜀∗(𝑧) are the z-dependent effective mass and relative dielectric constant.  

The third term in Eq. (1) describes the electron-heavy hole interaction. It is expressed as following: 

𝐻𝑒−ℎ = −
ℏ2

2𝜇⊥
∇⃗⃗⃗⊥

2 −
𝑒2

4𝜋𝜀0𝜀∗(𝑧)|𝑟𝑒−𝑟ℎ|
         (3) 

Where, 𝜇⊥ and ∇⊥ are respectively the reduced effective mass and the perpendicular 2D Laplacian 

operator.  

Based on the finite difference method, the electron, hole and exciton energies are obtained 

numerically. We have restricted ourselves to investigate ground and first excited states for electron and 

heavy hole on the one hand and the ground and two first excited states of the exciton. Considering the 

coupling of the electron in the n-th conduction subband and the heavy hole in the m-th valence subband, 

the exciton states (𝑖 ≡ 0,1,2) bending energies are expressed as following: 

𝐸𝑏,𝑖
𝑛,𝑚 = 𝐸𝑒

𝑛 + 𝐸ℎℎ
𝑚 − 𝐸𝑋

𝑖             (4) 

Once obtained the particle energies, it becomes easy to calculate the position of different states-dependent 

photoluminescence peak given by: 

𝐸𝑃𝐿,𝑖
𝑛,𝑚 = 𝐸𝑒

𝑛 + 𝐸ℎℎ
𝑚 + 𝐸𝑔

𝐼𝑛𝑁 + 𝐸𝑋
𝑖                   (5) 

Where, 𝐸𝑔
𝐼𝑛𝑁 is the InN band gap energy at room temperature.  

The oscillator strength and the linear complex optical susceptibility are given as following: 

{
𝒫𝑖𝑓 =

2𝑚∗

ℏ2 ∆𝐸𝑖𝑓|𝑀𝑖𝑓|
2

𝒳̅(𝑤) =
𝒫𝑖𝑓

(ℏ𝑤 − 𝐸𝑃𝐿,𝑖→𝑓
𝑛,𝑚  – 𝑗 ℏΓ𝑖→𝑓)

              (6) 

Note that, 𝑀𝑖𝑓(= ⟨Ψ𝑓|𝑒𝑧|Ψ𝑖⟩) is the electric dipole matrix element of the transition from initial to final 

exciton states in QW, ∆𝐸𝑖𝑓(= 𝐸𝑓 − 𝐸𝑖) denotes their energy difference, 𝛤𝑓𝑖 =
1

𝜏𝑓𝑖
 (= 5 × 1012s−1) is the 

relaxation time between them and 𝑗 (𝑗2 = −1) is the complex number.     
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Figure 1: Schematic diagram of the studied InN/AlN hetero-structure. 

The parameters that we have used in our calculations are the same as those of previous work [27]. 

3 Results and discussion 

We have studied the bending energies and the linear optical susceptibility related to three different 

exciton states coupling to two first electron and heavy hole states. Due to a large band offset between InN 

(𝐸𝑔
𝐼𝑛𝑁 = 0.8 𝑒𝑉) and AlN (𝐸𝑔

𝐴𝑙𝑁 = 6.2 𝑒𝑉) equals to 4.32 𝑒𝑉, we restricted ourselves to an infinite 

potential case which remains a good approximation describing the particle wave-function in the well. We 

considered free and bound excitons and studied the behavior of both cases versus the structure size. 

Firstly, let us discuss the impurity’s effects on the electron and hole energies as shown in Figure 2. 

Panels (a) and (b) show that the energies decrease according to the well width at room temperature for both 

cases. Regardless the state, it is obvious that the presence of the impurity (𝛼 = 1) induces a significant 

shrink (enhancement) for the electron (hole) energy as expected from Eq. (2). This effect is more 

remarkable for large well than for thin one. Panel (c) shows a similar behavior for the four first exciton 

state energies. In addition, we can see that the free exciton state energies are lower than those of bound one 

for all structure size.   
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Figure 2: (Color online) Particle energy versus InN/AlN sturture size at room temperature. Panel (a) and (b): 

two electron and heavy-hole first states, Panel (c): the four first free and bound exciton states. 

Fig. (3) illustrates the exciton binding energy versus the well width for three first states considering 

the impurity influences. The solid line indicates the values of bound exciton binding energy while the dotted 

line designates a free exciton one. A similar decrease is revealed with increasing the well width independently 

of states which is due to the widening of confinement region.  

 

Figure 3: (Color online) The exciton binding energy as a function of the well width at room temperature 

coupling to ground and first excited electron and heavy-hole states. Panel (a): ground exciton state, Panels  

(b) and (c) :first and second excited exciton states.  

It is observed that the inclusion of the impurity enhances the exciton binding energy in all cases. As 

long as the well widens the exciton binding energies become tighter and converges to the bulk behavior. 

The horizontal line located at 25mev designates the exciton thermodynamic stability limit at 300K. It 
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appears that the exciton states are thermodynamically stable at room temperature for well width smaller 

than a critical value. For instance, this latter is equal to 1.68, 1.51 and 1.24 for (𝑛, 𝑚) = (0,0) while it is 

equal to 4.57, 4.54 and 4.45 for (𝑛, 𝑚) = (1,1) for the ground, first and second excited exciton states. 

Incidentally, it is important to mention that the InN bulk ground state binding energy is about 15 meV 

which shows that it is unstable at 300K contrary to the InN QW in which the stability depends on the size. 

Moreover, it is clearly seen that the free exciton binding energy is slightly greater than the bound exciton 

case for all states. This implies that with the impurity, the hole binding energy enhancement masks the 

electron drop one.  

In order to show more the effects of the impurity on the free and bound excitons binding energies, 

we have presented in Fig. 4 the difference ∆𝐸𝑏,𝑖
𝑛,𝑚 (= 𝐸𝑏,𝑖

𝑛,𝑚(𝐹𝑟𝑒𝑒) − 𝐸𝑏,𝑖
𝑛,𝑚(𝐵𝑜𝑢𝑛𝑑)).  It is observed that 

the QW width has a great influence since the curvature is not monotonic. For a critical value of the well 

width, this difference reaches a maximum for all transitions. It is clear that the (𝑛, 𝑚) = (1,0) and (1,1) 

transition energies tend to the same limit while (𝑛, 𝑚) = (0,0) and (0,1) converge to other limit as the 

well size increases.  

 

Figure 4: (Color online) The exciton binding energy difference as a function of the well width  

at room temperature.  

With obtaining the electron, heavy hole and exciton energies one can compute the 

photoluminescence energy (PLE) versus the well width. The PLE (interband transition) is depicted on 

Figure 5 as a function of the well size. It is shown that the transition energy (PLE) decreases monotonically 

with increasing the well size as expected. The physical reason is that as the QW width increases, the energy 

levels of both electron and hole are lowered (Fig. 2) which is due to the quantum confinement size. It is 

also observed that the inclusion of the impurity effects leads to the drop of the PLE, i.e., the free transition 

energy is significantly greater than the bound one for all transitions in particularly for large well. Such 

behavior can be assigned to the fact that the electron-impurity Coulomb interaction is more significant than 

the hole-impurity one. For thin well, the free and bound exciton PLE converge to the same results.  
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Figure 5: (Color online) The exciton photoluminescence energy according the well width at room temperature 

coupling to ground and first excited electron and heavy-hole states. Panel (a): ground exciton state, Panels (b) 

and (c) : first and second excited exciton states.  

In order to further investigate the quantum size, the presence of the impurity and its position effects 

on the InN/AlN QW optical properties, we present on fig. 6 the imaginary part of linear susceptibility 

related to interband exciton transitions versus the photon energy at room temperature. Panels (a), (b), (c) 

and (d) depict the size effect for on-center impurity while panels (c), (d), (e) and (f) illustrate the impurity 

position influences for 𝑙 = 4. With regard to this figure, one readily notices that their variations are not 

monotonic but present a maximum for photon energy’s critical value. All panels reveal clearly that the 

imaginary part increases with increasing the photon energy for reaching its maximum and then began to 

decreases. It should be notice that the maximum is obtained for the photon energy equal to 𝐸𝑒
𝑛 + 𝐸ℎℎ

𝑚 +

𝐸𝑔
𝐼𝑛𝑁 + 𝐸𝑋

𝑖→𝑓
. For (𝑒0,, ℎ1), it is equal respectively to 807.12, 808.81 and 811.34 meV for different 

exciton transitions  (𝑖, 𝑓) = (0,1), (0,2) and (1,2). It is obvious that with increasing the well width a 

significant redshift is revealed for all exciton transitions. For instance, a redshift of about 11.981, 14.862 

and 12.567 meV is obtained for ground-first excited, ground-second excited and first-second excited states 

optical transition for (𝑒0, ℎ1). On the other hand, with displacing the impurity from structure center to the 

band edge an important blueshift is illustrated for all exciton transitions. For example, a blue shift of 3.734 

meV is revealed first-second excited states transition coupled to electron in the ground state and the hole 

in the first excited state, (𝑒0, ℎ1).  
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Figure 6: (Color online) The bound exciton-related imaginary part of the susceptibility as a function of the 

photon energy at room temperature. Red line: ground-first excited states transition, blue line (Multiplied for 

more visibility): ground-second excited states transition and black line: first-second excited states transition.  

Figure 7 illustrates the variation of the real part of the linear susceptibility according to the photon 

energy under the impacts of size and the impurity’s position. Compared to the imaginary one, different 

behaviors are obtained. At the beginning, it increases steadily to reach its maximum with increasing the 

photon energy. Then, it decreases quickly for reaching its minimum and increases as long as the photon 

energy (ℏ𝑤) augments. It should be notice that the extremum are located at 𝐸𝑒
𝑛 + 𝐸ℎℎ

𝑚 + 𝐸𝑔
𝐼𝑛𝑁 + 𝐸𝑋

𝑖→𝑓
±

ℏΓi→f . The spectral range between the minimum and the maximum corresponds to the absorption band 

characterized by a strong absorption phenomenon which is in good agreement with the above results. 

Compared to the imaginary one, a similar behavior (Blue and red shifts) is obtained under the effects of 

well width and impurity position for real part.   
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Figure 7: (Color online) The bound exciton-related imaginary part of the susceptibility as a function of the 

photon energy at room temperature. Red line: ground-first excited states transition, blue line (Multiplied for 

more visibility): ground-second excited states transition and black line: first-second excited states transition.  

Finally, our results are generally in good conformity compared with the finding results in the literature 

concerning different materials and well shapes [28],[29]. Some discrepancies remain due to the fact that in 

our calculations we have taken into account the presence of the impurity (Bound exciton) neglected 

generally in the literature.  

4 Conclusion 

In summary, we have investigated theoretically the ground, first and second excited states exciton 

(𝐷+, 𝑋) binding energies, photoluminescence energy and linear optical susceptibility taking into account of 

the electron in the n-th conduction subband and the heavy hole in the m-th valence subband coupling. 

Numerical results show that the free and bound exciton binding energies and exciton related-PLE are highly 

dependent on the well size and impurity position showing a significant shrink according to the well size. 

Moreover, it is obtained that the inclusion of the Coulomb interaction leads to the drop of the binding 

energy for all states. Additionally, both linear optical susceptibility counterparts reveal that with increasing 

the well size and/or the displacement of the impurity from the band edge toward the structure center 

induces a noteworthy redshift. 
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